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Range of Applicability of Real Mode Superposition Approximation Method for 1 
Seismic Response Calculation of Non-Classically Damped Industrial Buildings 2 

 3 

Abstract: An industrial building is a non-classically damped system due to the different damping 4 
properties of the primary structure and equipment. The objective of this paper is to quantify the 5 
range of applicability of the real model superposition approximation method to the seismic 6 
response calculation of industrial buildings. The analysis using lumped mass-and-shear spring 7 
models indicates that for the equipment-to-structure frequency ratios γf > 1.1 or γf < 0.9, the 8 
non-classical damping effect is limited, and the real mode superposition approximation method 9 
provides accurate estimates. For 0.9 < γf < 1.1, the system may have a pair of closely spaced 10 
frequency modes, and the non-zero off-diagonal damping terms have a non-negligible effect on 11 
the damping ratios and mode shape vectors of these modes. For 0.9 < γf < 1.1 and the 12 
equipment-to-structure mass ratios γm < 0.07, the real mode superposition approximation method 13 
results in large errors, while the approximation method can provide an accurate estimation for 0.9 14 
< γf <1.1 and γm > 0.07. Furthermore, extensive parametric analyses are conducted, where both 15 
steel structures and reinforced concrete structures with equipment with various damping ratios are 16 
considered. Finally, the finite element analysis of a five-story industrial building is adopted to 17 
validate the proposed range of applicability. 18 
 19 
Keywords: Non-classical damping, structure-equipment interaction, real mode superposition 20 
approximation method, complex mode superposition method, seismic response calculation. 21 

1 Introduction 22 

The calculation of seismic response of industrial building systems should consider the 23 
dynamic equipment-structure interaction. Often, the effect of dynamic interaction between the 24 
equipment and the primary structure is enhanced when the natural frequency of the equipment is 25 
close to that of the primary structure. Another important factor that affects the dynamic response 26 
characteristics of an industrial building system is the non-classical damping, which is developed 27 
by considering the various attributes related to the equipment housed inside the primary structure. 28 

The time-history response analysis of a coupled structure-equipment system can provide an 29 
accurate estimate of the dynamic responses of an industrial building when subjected to ground 30 
motions. Nevertheless, the time-history response analysis is inconvenient for a regular seismic 31 
design practice since it involves complex modeling and is computationally demanding. Currently, 32 
the popular approaches used for the seismic design of industrial buildings are based on response 33 
spectrum analysis. To date, three response spectrum-based methods have been developed for 34 
evaluating seismic response of industrial buildings as follows. (1) Uncoupled method: In this 35 
method, the primary structure and equipment are analyzed separately, neglecting their dynamic 36 
interaction. In the analysis of the primary structure, the equipment is taken as an additional floor 37 
mass, while its flexibility and damping are neglected. Afterwards, the responses of the equipment 38 
are calculated based on its dynamic characteristics and the floor response spectra. (2) Real mode 39 
superposition approximation method based on a coupled model (hereinafter referred to as 40 
the “real mode approximation method”): In this method, both the primary structure and the 41 
equipment are included in a coupled model to consider their dynamic interaction. Although the 42 
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damping matrix of the non-classically damped system cannot be decoupled using the undamped 43 
real mode shape vectors, the non-zero off-diagonal damping terms are neglected for simplification. 44 
The responses of the system are calculated by superposition (e.g., complete quadratic combination 45 
(CQC)) of spectrum responses of a number of real modes (Clough and Penzien (1993)). (3) 46 
Complex mode superposition method based on a coupled model (hereinafter referred to as 47 
the “complex mode method”): This method is an improvement over the previous method 48 
because it considers the non-classical damping effect. The complex modal parameters are obtained 49 
from the eigenvalue analysis of the coupled system in the state-space domain (Yang et al. (1990)), 50 
and then the seismic response of the system is obtained by superposing the spectrum responses of 51 
a number of complex modes. One promising algorithm for the complex modal response 52 
superposition is the complex complete quadratic combination (CCQC) algorithm developed by 53 
Yang et al. (1990) and Zhou et al. (2006). Note that while other alternative methods have been 54 
proposed (e.g., Falsone and Muscolino (2004)), they are not fully mature for application in 55 
practical design. 56 

Despite providing accurate response estimates, the complex mode method is complicated in 57 
computation, unfamiliar to engineers and not included in most commercial structural design 58 
programs. Therefore, practical engineers prefer to use the uncoupled method and the real mode 59 
approximation method. The accuracy of these two commonly-used methods is found to be related 60 
to (a) the difference in the damping ratios between the primary structure and the equipment, (b) 61 
the equipment-to-structural frequency ratio, and (c) the equipment-to-structural mass ratio (Li et al. 62 
(2018)). 63 

Table 1 summarizes the range of applicability of the uncoupled method specified in the 64 
Chinese code for seismic design of nuclear power plants (GB50267-2019) (2019), the Chinese 65 
code for seismic design of petrochemical steel facilities (GB50761-2012) (2012) and the U.S. 66 
standard for seismic analysis of safety-related nuclear structures (ASCE/SEI 4-16) (2014). As 67 
indicated in Table 1, the uncoupled method is applicable when the equipment mass is significantly 68 
lower than the primary structure mass (i.e., the equipment-to-structural mass ratio γm is very small), 69 
or the vibrations of the equipment and primary structure are not tuned (i.e., the natural vibration 70 
frequencies of the equipment and primary structure are adequately separated). 71 

Table 1 Range of applicability of the uncoupled method specified in various codes 72 

Codes Equipment-to-structural mass ratio γm 
Equipment-to-structural vibration 

frequency ratio γf 

GB50267-2019 
γm < 1% No limit 

1% <γm< 10% γf < 0.8 or γf > 1.25 

GB50761-2012 
γm < 0.2%  No limit 

No limit γf < 0.9 or γf > 1.1 

ASCE/SEI 4-16 
γm < 4% No limit 

4% < γm < 100% Related to γm 

The range of applicability of the real mode approximation method has not yet been provided in 73 
current design codes. Nevertheless, extensive efforts have been devoted to analyzing the 74 
non-classical damping effect and estimating the error introduced by neglecting non-zero 75 
off-diagonal damping terms (e.g., Shahruz and Ma (1988), Shahruz (1990), and Bhaskar (1995)). 76 
Hasselman (1976) found that, for a lightly damped structure, the non-zero off-diagonal damping 77 
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terms have a negligible effect on the dynamic responses, provided that adequate frequency 78 
separation exists between different modes. He proposed a criterion for neglecting non-zero 79 
off-diagonal damping terms. A similar criterion was also suggested by Warburton and Soni (1977). 80 
Shahruz and Ma (1988) and Hwang and Ma (1993) estimated the error introduced by disregarding 81 
the off-diagonal terms and proposed formulas to calculate the error bounds. Xu and Igusa (1991) 82 
revealed that for a pair of modes with closely spaced natural frequencies, the non-zero 83 
off-diagonal damping terms lead to a decrease in the modal damping ratio of one mode and an 84 
increase in the damping ratio of another mode. Consequently, for a system with closely spaced 85 
modes, neglecting the off-diagonal damping terms results in underestimation of the dynamic 86 
response. Tadinada and Gupta (2011) and Gupta and Bose (2017) estimated the significance of 87 
non-classical damping in the coupled structure-equipment systems and demonstrated that the 88 
effect of non-classical damping is significant in a tuned or nearly tuned uncoupled system for 89 
which the modes of the primary system are tuned with the modes of the secondary system. 90 

The objective of this paper is to determine the range of applicability of the real mode 91 
approximation method for seismic response calculation of industrial buildings. The second section 92 
briefly summarizes the theory and equations of the real mode approximation method and the 93 
complex mode method. The third section analyzes the error of the real mode approximation 94 
methods using lumped mass-and-shear spring models. The error is quantified by comparison with 95 
the results of the complex mode method, and the causes and influential parameters of the error are 96 
discussed in detail. The fourth section presents the range of applicability of the real mode 97 
approximation method through extensive parametric analyses of steel and reinforced concrete (RC) 98 
primary structures with equipment with various damping ratios. Finally, finite element (FE) 99 
analysis of a five-story industrial building is presented as a case study to validate the proposed 100 
range of applicability of the real mode approximation method. 101 

2 Response spectrum-based methods for coupled structure-equipment systems 102 

The equation of motion for the coupled structure-equipment system when subjected to 103 
ground motion is formulated as follows: 104 
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where x(t) denotes the displacement vectors of the system relative to the ground; ̈xg(t) denotes the 107 
acceleration history of ground motion; [M], [C] and [K] denote the mass, damping and stiffness 108 
matrices of the coupled structure-equipment system; Mp, Cp, and Kp denote the mass, damping and 109 
stiffness matrices of the primary structure; and Ms, Cs, and Ks denote the mass, damping and 110 
stiffness matrices of the equipment. 111 

2.1 Real mode approximation method 112 

The natural frequencies and real mode shapes of the undamped system are obtained from the 113 
eigenvalue analysis of the [M] and [K] matrices. Although the non-classical damping matrix [C] 114 
cannot be decoupled by the real mode shape vectors of the undamped system, the non-zero 115 
off-diagonal terms of the modal damping matrix are neglected. The damping ratio ζi of the ith 116 
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mode is calculated as: 117 
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where ωi and {ϕi} denote the natural circular frequency and real mode shape vector of the ith 119 
mode, and the superscript T denotes the transpose operation. 120 

Based on the natural frequency ωi, damping ratio iζ  and associated real mode shape vector 121 

{ϕi}, the peak modal response of the ith mode of the coupled structure-equipment system can be 122 
calculated via response spectrum analysis. Afterwards, the total peak response of the system is 123 
estimated by a combination of the peak modal responses of a number of modes, based on the CQC 124 
rule as follows: 125 
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where Sk and Sr denote the kth and rth modal responses, respectively; ρkr denotes the correlation 127 
coefficient between the kth and rth modes. More details can be found in Chopra (2007). 128 

2.2 Complex mode method 129 

The equation of motion (i.e., Eq. (1)) is rearranged as the following equation in state space, in 130 
which the system of n second-order differential equations is reduced to a system of 2n first-order 131 
differential equations:  132 
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where [R] and [S] are symmetric, real matrices of size 2n by 2n, {z(t)} denotes the state vector of 133 
2n elements, of which the lower n elements represent the displacement response and the upper n 134 
elements represent the velocity response.  135 

The characteristic value equation is then given by: 136 
 [ ]{ } [ ]{ } { }0i i iµ Φ Φ+ =R S  (7) 

For the underdamped system with n degrees of freedom (DOF), the solution of Eq. (7) gives 137 
n pairs of complex conjugate characteristic values and n pairs of complex conjugate characteristic 138 
vectors. The ith pair of characteristic values and the corresponding characteristic vectors are given 139 
by Eqs. (8) and (9), respectively. 140 
 21i i i i ijµ ζ ω ω ζ= − ± −  (8)  
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where µi is the ith characteristic value; ωi and ζi represent the undamped natural circular frequency 141 
and damping ratio of the ith mode, respectively; {Φi} is the ith characteristic vector, of which the 142 
lower n elements ϕi represent the ith complex modal displacement vector and the upper n elements 143 
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represent the associated modal velocity vector {μiϕi}; and φi and ψi denote the real and imaginary 144 
parts of {ϕi}. 145 

For the non-classically damped system with complex modes, the displacement time history 146 

response {x(t)} is expressed as a linear combination of the modal displacement responses and 147 
modal velocity responses (Zhou et al. (2006)): 148 
 

 
(10) 

where Ai qi(t) represents the ith modal displacement response, Bi ̇qi(t) represents the ith modal 149 
velocity response, qi(t) is the ith modal coordinate, and the coefficient vectors Ai and Bi can be 150 
determined from the complex modal properties of the system, as described in Zhou et al. (2016). 151 

The total peak displacement response of the system can be obtained by a combination of 152 
modal spectrum responses based on the CCQC method as follows: 153 
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where xo is the total peak displacement response; ωk and ωr are the kth and rth modal frequencies; 154 
three correlation coefficients ρkr

DD, ρkr
VD and ρkr

VV can be calculated from the natural frequencies 155 

and damping ratios of the complex modes, as described in Zhou et al (2016); and Sd and Sv 156 
represent the displacement and pseudo-velocity spectrum responses. 157 

Eq. (11) can be further formulated as follows: 158 
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where Sa represents the pseudo-acceleration spectra, the design form of which is specified in the 159 

design codes, and the coefficient Γkr is given by: 160 
 DD VV VD2kr k r kr k r k r kr k r kΓ A A B B B Aρ ρ ω ω ρ ω= + +  (13) 

The accuracy of the complex mode method has been validated by Yang et al. (1990) and 161 
Zhou et al. (2016). 162 

3 Error analysis of the real mode approximation method 163 

3.1 Single-story structure with equipment 164 

As shown in Fig. 1, a coupled model for a single-story structure with equipment is developed 165 
using MATLAB, where the lower mass-dashpot-spring represents the primary single-story 166 
structure and the upper mass-dashpot-spring represents the equipment. The modal analysis and 167 
seismic response analysis of the model using the real mode approximation method and complex 168 
mode method are presented below. The comparison of the results quantifies the error of the real 169 
mode approximation method, and the detailed analysis illustrates the error sources. 170 
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Fig. 1 Lumped model of a single-story structure with equipment system 

3.1.1 Modal properties 171 

Past studies have indicated that off-diagonal damping terms have limited influence on the 172 
dynamic responses of systems with widely spaced natural frequencies but have a significant effect 173 
on those with closely spaced natural frequencies (Hasselman (1976) and Warburton et al. (1977)). 174 
For a coupled structure-equipment system, the spacing of its vibration frequencies is related to the 175 
equipment-to-structure frequency ratio γf = fs/fp, where fs and fp represent the natural frequency of 176 
the equipment and that of the primary structure, respectively. Fig. 2 shows the undamped natural 177 
frequencies of complex modes for a coupled structure-equipment system, where the mass ratio of 178 
γm = ms/mp is set as 0.1, and the damping ratio of the primary structure and that of the equipment is 179 
assumed to be ζp = 0.03 and ζs = 0.1, respectively. In Fig. 2, the natural frequency ω of the coupled 180 

system is normalized with the natural frequency of the primary structure ωp. Note that the steel 181 
structure is assumed to have a damping ratio of 0.03 as per the Chinese code for seismic design of 182 
special structures (GB 50191-2012) (2012). The damping ratio of various types of industrial 183 
equipment ranges from 0.01 to 0.1 (ASCE/SEI 4-16 (2014)), and herein, a large value of 0.1 is 184 
considered. Fig. 2 indicates that when the frequency of the equipment is close to that of the 185 
primary structure (i.e., γf ranges from 0.9 to 1.1), tuning between their vibrations results in closely 186 
spaced natural frequencies of the two modes of the coupled structure-equipment system. In such a 187 
situation (hereinafter described as the formation of an “equipment-structure tuning region”), the 188 
damping interaction between two closely spaced modes is significant, and the error induced by 189 
neglecting the off-diagonal damping terms is non-negligible (Veletsos (1986)). 190 

 
Fig. 2 Natural frequencies of coupled structure-equipment system (γm = 0.1, ζp = 0.03, ζs = 0.1) 
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In the following analysis, the most critical case, i.e., a frequency ratio of γf = 1.0 191 
(corresponding to perfect tuning between frequencies of the equipment and primary structure), is 192 
considered for quantification of the error induced by neglecting the off-diagonal damping terms. 193 
The damping ratios remain at 0.03 and 0.1 for the primary structure and equipment respectively, 194 
while the equipment-structure mass ratio γm is taken as a variable, ranging from 0.001 to 1.0. 195 
(1) Natural frequency 196 

Fig. 3 shows the calculated undamped natural frequencies of the real modes and the 197 
undamped natural frequencies of the complex modes. The two sets of natural frequencies are 198 
similar, with an error of less than 5%. Fig. 3 also indicates that the natural frequencies of the two 199 
modes increasingly separate from each other with an increased equipment-to-structure mass ratio 200 
γm, implying less interaction between the two modes at a high value of γm. 201 

 

Fig. 3 Undamped natural frequencies of the coupled structure-equipment system 

 (γf = 1.0, ζp = 0.03, ζs = 0.1) 
 

(2) Damping ratio 202 
Fig. 4 plots the damping ratios of the complex modes and the calculated damping ratios using 203 

the real modes that neglect the off-diagonal damping terms. This indicates that when the 204 
equipment-to-structure mass ratio γm is less than 0.01, neglecting the off-diagonal damping terms 205 
results in significant errors in the estimate of the modal damping ratios. The real mode 206 
approximation method estimates the damping ratio of approximately 0.065 for two modes, which 207 
obviously overestimates the damping ratio of the 1st mode while underestimates the damping ratio 208 
of the 2nd mode. This is consistent with the finding of Xu and Igusa (1991). Note that such errors 209 
in the estimated damping ratios will propagate in the subsequent analysis and lead to 210 
non-negligible errors in the seismic response determined by the real mode approximation method. 211 
When the equipment-to-structure mass ratio is greater than 0.01, the modal damping ratios 212 
calculated by both methods are similar. This is because the off-diagonal damping terms have 213 
limited influence when the natural frequencies of the two modes are obviously separated (see Fig. 214 
3). 215 
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Fig. 4 Damping ratios of the coupled structure-equipment system (fs = fp, ζp = 0.03, ζs = 0.1) 

(3) Mode shape vectors 216 
Fig. 5 and Table 2 compare the real mode shape vectors with the complex mode shape 217 

vectors for γm = 0.001, 0.01, 0.1 and 1.0. When the mass ratio γm is less than 0.01, the complex 218 
mode vectors have large imaginary parts. When the mass ratio exceeds 0.01, the imaginary parts 219 
of the complex mode vectors are significantly reduced and their real parts become similar to the 220 
real mode vectors. 221 

 
(a) 1st mode 
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(b) 2nd mode 

Fig. 5 Mode shape vectors of the coupled structure-equipment system (fs = fp, ζp = 0.03, ζs = 0.1) 
 

Table 2 Modal properties of the system (fs = fp, ζp = 0.03, ζs = 0.1) 222 

Modal 

properties 
Story 

Complex modes Real modes 

1st mode 2nd mode  1st mode 2nd mode 

ms=0.001mp 

ω/ωp  1.00  1.00  0.98  1.02  

ω*/ωp  1.00  1.00  0.98  1.01  

ξ  0.03  0.10  0.06  0.07  

mode shape 
1 1  1  1  1  

2 1.34 - 7.53i -1.43 - 13.18i 32.13  -31.13  

ms=0.01mp 

ω/ωp  0.96  1.04  0.95  1.05  

ω*/ωp  0.96  1.03  0.95  1.05  

ξ  0.06  0.07  0.06  0.07  

mode shape 
1 1  1  1  1  

2 7.10 - 6.29i -7.50 - 7.62i 10.51  -9.51  

ms=0.1mp 

ω/ωp  0.86  1.17  0.85  1.17  

ω*/ωp  0.86  1.16  0.85  1.17  

ξ  0.05  0.08  0.05  0.08  

mode shape 
1 1  1  1  1  

2 3.57 - 0.67i -2.71 - 0.70i 3.70  -2.70  

ms=1.0mp 

ω/ωp  0.62  1.62  0.62  1.62  

ω*/ωp  0.62  1.60  0.62  1.60  

ξ  0.03  0.13  0.03  0.13  

mode shape 
1 1  1  1  1  

2 1.61 - 0.06i -0.63 - 0.06i 1.62  -0.62  

Note: ω denotes the undamped natural vibration frequency, and ω* denotes the damped vibration frequency. 223 
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3.1.2 Seismic response calculation 224 

The acceleration response spectra specified in the Chinese code for seismic design of 225 
buildings (GB 50011-2010) (2016) are adopted. The site of the industrial building has a seismic 226 
intensity of VIII, corresponding to a peak ground acceleration (PGA) of 0.2 g for the design basis 227 
earthquake (with a probability of exceedance of 10% in 50 years). The site falls into Site Class III, 228 
and the characteristic period of site Tg is 0.55 s. The damping ratio of the primary structure is 229 
assumed to be 0.03, which is the damping of steel structures specified by GB 50011-2010 (2016). 230 
The natural period of the primary structure Tp is assumed to be 0.8 s. In the following analysis, the 231 
mass, stiffness and damping of the equipment are taken as variables to investigate the influence of 232 
the equipment damping, equipment-to-structure frequency ratio γf and equipment-to-structure 233 
mass ratio γm. Both the complex mode method and the real mode approximation method are used 234 
in the analysis for comparison. The error of the real mode approximation method is defined as 235 
follows.  236 
 ( ) ( )real comp comp/Err S S S S= −  (14) 

where S denotes the responses (e.g., the story drift or shear force) and the subscripts “real” and 237 
“comp” represent the real mode approximation method and complex mode method, respectively. 238 
(1) Effect of the equipment-to-structure frequency ratio γf and mass ratio γm 239 

Fig. 6 shows the errors of the estimated story drift of the primary structure by the real mode 240 
approximation method relative to the complex mode method, where the equipment-to-structure 241 
frequency ratio γf and mass ratio γm are taken as variables. Note that the damping ratio of the 242 
equipment ζs is fixed at 0.1. Relatively large errors are observed in the equipment-structure tuning 243 

region (i.e., 0.9≤ γf ≤1.1). In such a situation, the 1st and 2nd natural vibration frequencies of the 244 
coupled structure-equipment system approach each other (see Fig. 2), leading to significant 245 
interaction between the two modes. For the equipment-to-structural mass ratios γm < 0.01, the 246 
maximum error of the estimated structural drift reaches 25%, while the errors are less than 10% 247 

for γm ≥ 0.1. For the equipment-to-structural frequency ratios γf > 1.1 or γf < 0.9, the error is less 248 
than 10% despite the values of the equipment-to-structural mass ratio. If setting the error limit of 249 
10% as criterion, the range of applicability of the real mode approximation method is as 250 

follows: (a) γf > 1.1 or γf < 0.9; or (b) 0.9 ≤ γf ≤ 1.1 and γm ≥ 0.07. 251 

 
(a) Three-dimensional plot 

 252 
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(b) Two-dimensional plot 

Fig. 6 Error of inter-story drift response calculated by real mode approximation method (ζp = 0.03, ζs = 

0.1) 
(2) Error source analysis 253 

The error of the real mode approximation method results from the difference in the modal 254 
properties between the real mode and the complex mode, primarily on the damping ratios and 255 
mode shape vectors. Fig. 4 indicates that for the mass ratio γm ranging from 0.001 to 0.01, the real 256 
mode approximation method obviously overestimates the damping ratio of the 1st mode of the 257 
system while underestimates the damping ratio of the 2nd mode. Table 2 indicates that for the 258 
mass ratios γm = 0.001 and γm = 0.01, the real part of the complex mode shape is significantly 259 
different from the real mode shape, while the imaginary part of the complex mode shape is large, 260 
which leads to the significant velocity-contribution term in the modal displacement response in Eq. 261 
(11). Fig. 4 and Table 2 also indicate that the real mode approximation method provides accurate 262 
estimates of the damping ratios and mode shape vectors for mass ratios γm > 0.1. 263 

  
(a) The 1st mode response (b) The 2nd mode response 

Fig. 7 Seismic displacement response of the primary structure at different modes 

(fs = fp, ζp = 0.03, ζs = 0.1) 

In Fig. 7, the most critical case γf = 1.0 is considered for comparison of the modal response of 264 
the system obtained from the real mode approximation method and the complex mode method. At 265 
a very small mass ratio, there is an obvious discrepancy in the modal response. However, the error 266 
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of the 1st modal responses is less than 10% for γm > 0.04, and that of the 2nd modal response is 267 
less than 10% for γm > 0.02. Fig. 8 shows the error of the combined responses of the two modes by 268 
the real mode approximation method, in the equipment-structure tuning region (e.g., γf = 0.9, 1.0 269 
and 1.1). The negative error indicates that the real mode approximation method leads to an 270 
underestimate of the primary structure response, and consequently may result in unsafe design. 271 

 

Fig. 8 Structural drift error of the real mode approximation method (ζp = 0.03, ζs = 0.1) 
(3) Influence of damping ratio 272 

Because the non-classical damping naturally originates from the difference in the damping 273 
properties between the primary structure and equipment, a larger difference in their damping ratios 274 
is expected to result in a larger non-classical damping effect of the coupled structure-equipment 275 
system. Fig. 9 illustrates how the equipment damping ratio influences the accuracy of the seismic 276 
response estimation by the real mode approximation method. In this figure, the error is quantified 277 
in terms of the story drift responses of the primary structure. The damping ratio of the primary 278 
structure is fixed at 0.03, while the damping ratio of equipment varies from 0.002 to 0.1. Several 279 
cases are considered for equipment-to-structure mass ratios γm = 0.001 and 0.1, and 280 
equipment-to-structure frequency ratios γf = 0.9, 1.0 and 1.1. Fig. 9 indicates that when the 281 
damping ratio of the equipment becomes increasingly different from that of the primary structure, 282 
the error of the real mode approximation method increases. The error is within 10%, with the 283 
exception of the cases of γm = 0.001 and γf = 1.0. This result is consistent with the findings of 284 
Gupta et al., that for the perfectly tuned structure-equipment systems (γf = 1.0), the significance of 285 
non-classical damping increases for very slight equipment systems. In such a situation, as 286 
indicated in this figure, the real mode approximation method significantly underestimates the 287 
structural response if the equipment has a higher damping ratio than the primary structure, and 288 
overestimates the structural response if the equipment has a lower damping ratio than the primary 289 
structure. 290 
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 291 

Fig. 9 Error of structural drift response versus equipment damping ratio (ζp = 0.03) 

As the variation in site class changes the design response spectrum curve, additional analysis 292 
is conducted to estimate whether site class influences the range of applicability of the real mode 293 
approximation method. Four site classes, ranging from Class I through Class IV are considered. 294 
The analysis results indicate that the site class has a very limited influence on the errors of the 295 
inter-story drift response calculation except in the cases of γm ≤ 0.007 and γf ≈1.0. The 296 
aforementioned range of applicability of the real mode approximation method holds true despite 297 
the variation in the site class. 298 

3.2 Multi-story structure with equipment 299 

The following analysis extends from a single-story primary structure to a multi-story 300 
structure. The multi-DOF lumped mass-and-shear spring model shown in Fig. 10 is used for 301 
analysis. Similar to subsection 3.1.1, the damping ratio of the primary structure is assumed to be ζp 302 
= 0.03, and that of the equipment is assumed to be ζs = 0.1. The damping matrix of the primary 303 
structure is determined by superposing the damping matrices for all the modes (Chopra (2007)). 304 
For a multi-story industrial building system, the equipment-to-structure mass ratio γm and 305 
frequency ratio γf are defined as follows: 306 
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where fp1 denotes the first undamped natural frequency of the primary structure, [Mp] denotes the 307 
mass matrix of the primary structure, and [Me] denotes the supplemental mass matrix of the 308 
equipment, which is a diagonal matrix that is the same size as [Mp]. If the equipment is installed in 309 
the ith story, the ith diagonal element of [Me] is taken as this equipment mass ms; otherwise, it is 310 
taken as zero. In Eqs. (15) and (16), the first natural frequency and modal mass of the first mode of 311 
the primary structure are considered for the definition of γm and γf, because the seismic response of 312 
the multi-story structure system is commonly dominated by the first mode vibration. 313 
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Fig. 10 Multi-DOF lumped mass-and-shear spring models 

(1) Effect of the equipment-to-structure frequency ratio γf 314 
A 10-story primary structure is considered. A structural mass of 500 tons is uniformly 315 

assigned for each floor, and the inter-story shear stiffness of 3.08×107 N/m is uniformly distributed 316 
along with the height. The first three natural vibration periods of the primary structure are 1.69 s, 317 
0.57 s and 0.35 s, respectively. First, equipment is assumed to be located on a single floor. The 318 
mass and lateral stiffness of the equipment are taken as variables in the analysis, resulting in 319 
various equipment-to-structure mass ratios and frequency ratios. Both the real mode 320 
approximation method and the complex mode method are used for analysis, based on the design 321 
spectrum specified in Chinese code GB 50011-2010. Note that the site condition and design 322 
spectrum parameters are identical to those specified in subsection 3.1.2. The maximum inter-story 323 
drift response occurs in the first story, while the maximum error of the estimated inter-story drift 324 
(i.e., the difference in the results between the two methods, as defined in Eq. (14)) occurs at 325 
different stories depending on the mass ratio γm and the frequency ratio γf. Fig. 11 shows the 326 
maximum error versus equipment-to-structure frequency ratio γf for the 10-story structure. The 327 
plots include various cases for the equipment-to-structure mass ratio (γm = 0.001, 0.01 and 0.1) and 328 
equipment location (at the 1st, 4th, 7th and 10th floors). 329 

 
(a) γm = 0.001 
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(b) γm = 0.01 

 
(c) γm = 0.1 

Fig. 11 Inter-story drift error versus equipment-to-structure frequency ratio γf 

(ζp = 0.03, ζs = 0.1) 

Fig. 11 clearly indicates that the error reaches the peak value in the equipment-structure 330 

tuning region. For 0.9 ≤ γf ≤ 1.1, the error of the real mode approximation method is up to 25% for 331 
the small equipment case of γm =0.01 (see Fig. 11(b)), while the error is less than 10% for the case 332 
of γm = 0.1 (see Fig. 11(c)). For γf < 0.9 or γf > 1.1, the error is less than 10% for various mass 333 
ratios and equipment locations, with the exception of the case of γm = 0.01 and equipment at the 334 
first floor (the maximum error is 12%). This observation is consistent with the single-story 335 
structure results. Note that, although the error increases when the natural frequency of the 336 
equipment approaches the frequency of the second mode of the primary structure (i.e., γf = 3.0 in 337 
Fig. 11), the error remains less than 10% because the inter-story drift response is not dominated by 338 
the second mode of vibration. 339 

To generalize the conclusions, the number of stories is taken as a variable for analysis, 340 
ranging from 2 to 10 stories. Fig. 12 shows the error of the inter-story drift estimation versus the 341 
equipment-to-structure frequency ratio γf for varying stories. Note that, this figure corresponds to 342 
the case where the equipment is located on the first floor. Fig. 12 indicates similar results as those 343 
described in the above paragraph. Since an industrial building is usually less than 10 stories, the 344 
observations can be generalized to most multi-story industrial buildings. 345 
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(a) γm = 0.001 

 
(b) γm = 0.01 

 
(c) γm = 0.1 

Fig. 12 Error of inter-story drift estimation for the structures of various stories 

 (γf = 1.0, ζp = 0.03, ζs = 0.1) 

(2) Effect of the equipment-to-structure mass ratio γm 346 

The above analysis demonstrates that in the equipment-structure tuning region (i.e., 0.9 ≤ γf ≤ 347 
1.1), the non-classical damping has an increased effect and results in the inaccuracy of the real 348 
mode approximation method. The following analysis aims to quantify the influence of the 349 
equipment-to-structure mass ratio in this tuning region. The most critical equipment-to-structure 350 
mass ratio γf = 1 is considered in the analysis. An extensive parametric analysis is conducted, 351 
which includes the following variables: (a) the story number (ranging from 2 to 10); (b) the 352 
location where the equipment is installed; and (c) the equipment-to-structure mass ratio (ranging 353 
from 0.001 to 1). For each analysis case, the seismic responses are calculated using both the 354 
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complex mode method and the real mode approximation method, and the errors are quantified 355 
using Eq. (14). 356 

Fig. 13 shows the errors of the maximum inter-story drift calculated by the real mode 357 
approximation method. In this figure, although the plots correspond to the structures that have 358 
different stories, the results have a rather similar trend. This indicates that in the 359 
equipment-structure tuning region, the real mode approximation method leads to an error of up to 360 
25% at the equipment-to-mass ratio γm = 0.01. As the equipment-to-mass ratio increases to γm > 361 
0.07, the error is less than 10%. This is consistent with the conclusions obtained from the 362 
single-story primary structure analysis in subsection 3.1. Note that although only two cases for 363 
equipment location, (i.e., at the first floor and the top floor) are shown in Fig. 13, the analysis of 364 
other equipment location cases produces the same conclusions. 365 

  
(a) Equipment on the first floor 

  
(b) Equipment on the top floor 

Fig. 13 Inter-story drift error versus equipment-to-structure mass ratio γm 

(γf = 1.0, ζp = 0.03, ζs = 0.1) 

(3) Equipment on multiple floors 366 
The above analysis considers that the equipment is installed on a single floor. The following 367 

analysis considers multiple pieces of equipment installed on different floors, with the objective of 368 
generalizing the conclusions. Another extensive parametric analysis is conducted. Fig. 14 shows 369 
the analysis results for one example, where four cases of equipment distribution are considered for 370 
a 10-story primary structure. The plots demonstrate how the errors of the real mode approximation 371 
method vary along with different equipment-to-structure mass ratios γm with the 372 
equipment-structure tuning condition of γf = 1. Fig. 14 indicates that the inter-story drift errors for 373 
the cases of equipment at multiple floors are similar to those for the case of equipment at a single 374 
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story in Fig. 13. Further analysis also indicates that the range of applicability of the real mode 375 
approximation method obtained from the previous analysis (i.e., (a) γf > 1.1 or γf < 0.9; or (b) 0.9 376 

≤ γf ≤ 1.1 and γm ≥ 0.07) holds true for the cases of equipment distributed at multiple floors. 377 

 

Fig. 14 Inter-story drift error with equipment at multiple floors 

(ζp = 0.03, ζs = 0.1, γf = 1.0) 

4 Range of applicability of the real mode approximation method for industrial structures 378 

Section 3 proposes the range of applicability of the real mode approximation method by 379 
assuming the damping ratio of the primary structure to be ζp = 0.03 and that of the equipment to be 380 
ζs = 0.1. According to the Chinese code for seismic design of special structures (GB 50191-2012) 381 
(2012), the damping ratio of RC structures is taken as 0.05, and that of steel structures is taken as 382 
0.03. In addition, the damping ratio of the equipment used in industrial buildings commonly varies 383 
from 0.01 to 0.1, as recommended by ASCE/SEI 4-16. As described in subsection 3.1.2, the 384 
variation in damping ratios for the primary structure and equipment also influences the range of 385 
applicability of the real mode approximation method. Therefore, the following numerical analysis 386 
using the lumped mass-and-shear spring models is performed to further quantify the range of 387 
applicability of this approximation method for steel and RC industrial buildings. 388 

4.1 Steel industrial buildings 389 

For steel industrial buildings, the damping ratio of the primary structure is assigned to be ζp = 390 
0.03, as per Chinese code GB 50191-2012, while the damping ratio of the equipment ζs is assigned 391 
from 0.01 to 0.1, with an increment of 0.01. Numerous analyses are conducted following the 392 
process described in section 3 to determine the error of the structural drift response of the real 393 
mode approximation method. Note that in the analysis, the seismic spectra are identical to those 394 
used in section 3, the height of the primary structure varies from a single story to ten stories, the 395 
equipment-to-structure frequency ratio varies from 0 to 3, and the equipment-to-structural mass 396 
ratio varies from 0.001 to 1. The limit of error of 10% is set as the criterion for the applicability of 397 
the real mode approximation method. 398 

Table 3 summarizes the range of applicability of the real mode approximation method for 399 
steel industrial buildings. The approximation method is usable under the condition of (a) γf > 1.1 400 

or γf < 0.9 or (b) 0.9 ≤ γf ≤ 1.1 and γm ≥ 0.07 for all cases. This is identical to the conclusion of 401 
section 3. In addition, for equipment with a damping ratio close to that of the primary structure, 402 
the mass ratio limit for the real mode approximation method is further loosened. When the 403 
equipment has a damping ratio within 0.02 to 0.04, the non-classical damping effect is very 404 



19 
 

limited, and the real mode approximation method can provide an accurate estimation despite the 405 
equipment-to-structure frequency ratio and equipment-to-structure mass ratio. 406 

Table 3 Range of applicability of the real mode approximation method for steel industrial buildings 407 

γm < 0.3% 0.3%~1% 1%~4% 4%~7% > 7% 

0.9  

<γf< 

 1.1 

ζs = 0.01 NU U U U U 

ζs = 0.02 U U U U U 

ζs = 0.03 U U U U U 

ζs = 0.04 U U U U U 

ζs = 0.05 NU NU U U U 

ζs = 0.06 NU NU U U U 

ζs = 0.07 NU NU NU U U 

ζs = 0.08 NU NU NU U U 

ζs = 0.09 NU NU NU NU U 

ζs = 0.10 NU NU NU NU U 

γf < 0.9 or γf > 1.1 U U U U U 

Note: “NU” represents non-usable, and “U” represents usable. 408 

4.2 RC industrial buildings 409 

A similar analysis is conducted for RC industrial buildings, except the damping ratio of the 410 
primary structure is set to ζp = 0.05. The obtained range of applicability of the real mode 411 
approximation method for RC industrial buildings is summarized in Table 4. The approximation 412 

method is usable for (a) γf > 1.1 or γf < 0.9 or (b) 0.9 ≤ γf ≤ 1.1 and γm ≥ 0.04. The range of 413 
applicability for concrete industrial buildings is similar to that for steel industrial buildings, except 414 
for a slight difference in the mass ratio limit in the equipment-structure tuning region. In addition, 415 
when the equipment has a damping ratio within 0.04 to 0.07, the real mode approximation method 416 
can provide accurate estimation despite the equipment-to-structure frequency ratio and 417 
equipment-to-structure mass ratio. 418 
  419 
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Table 4 Range of applicability of the real mode approximation method for RC industrial buildings 420 

γm < 0.3% 0.3%~1% 1%~4% > 4% 

0.9  

<γf< 

 1.1 

ζs = 0.01 NU NU U U 

ζs = 0.02 NU NU U U 

ζs = 0.03 NU U U U 

ζs = 0.04 U U U U 

ζs = 0.05 U U U U 

ζs = 0.06 U U U U 

ζs = 0.07 U U U U 

ζs = 0.08 NU NU U U 

ζs = 0.09 NU NU NU U 

ζs = 0.10 NU NU NU U 

γf < 0.9 or γf > 1.1 U U U U 

Note: “NU” represents non-usable, and “U” represents usable. 421 

5 Validation by FE analysis of industrial buildings  422 

To further validate the proposed range of applicability of the real mode approximation 423 
method, a refined FE model for a five-story industrial building was built and analyzed using 424 
the program PMSAP. The detailed three-dimensional model represents a realistic five-story 425 
prototype industrial building, including both the primary structure and various types of 426 
equipment, as shown in Fig. 15. 427 

  

Fig. 15 FE model of a five-story industrial building 

Equipment 

Structure 

Storage tank 

X 

Y 
Z 
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The primary structure adopts the braced-frame system. The beams and columns are modeled 428 
using Timoshenko beam elements, and the braces in the elevations and in the floor levels are 429 
modeled using truss elements. The beams and columns are rigidly jointed to each other, while the 430 
trusses are connected to the surrounding frames using pin connections. The storage tank is 431 
modeled using shell elements, and other equipment is modeled using beam elements and truss 432 
elements. The PMSAP can assign different damping properties to different parts. The steel primary 433 
structure is assigned a damping ratio of 0.03 for all modes of vibration, while the equipment is 434 
assigned a damping ratio of 0.1. 435 

For simplicity, only the responses in the x direction are presented, as the analysis in the y 436 
direction yields similar results. The first three natural vibration periods of the prototype primary 437 
structure in the x direction are 0.60 s, 0.33 s and 0.27 s. The first natural vibration periods of 438 
various pieces of equipment in the x direction range from 0.08 to 0.15 s. The 439 
equipment-to-structure frequency ratio calculated by Eq. (16) ranges from 4.0 to 7.5. The masses 440 
of the primary structure and equipment are summarized in Table 5. The equipment-to-structure 441 
mass ratio for the first vibration mode calculated using Eq. (15) is 0.70. 442 

Table 5 Summary of the masses of the primary structure and equipment (ton) 443 

Floor no. Primary structure mass Equipment mass 
1st floor 116.55 137.94 
2nd floor 85.46 61.00 
3rd floor 87.29 176.00 
4th floor 24.57 0.00 
5th floor 26.12 0.00 

sum 339.99 374.94 
To cover a relatively wide range of equipment-to-structure mass ratios and frequency ratios 444 

for validating the proposed range of applicability, the following four cases are considered for 445 
analysis. Note that for Case 2 through Case 4, the primary structure remains identical to the 446 
prototype building, while the equipment and its stiffness and mass parameters are virtually 447 
redesigned. 448 

Case 1: the prototype model, γf =4.0~7.5, and γm=70%. 449 
Case 2: only heavy equipment assigned on the second floor, γf =0.99, and γm=10%. 450 
Case 3: only light equipment assigned on the first floor, γf =3.87, and γm=0.2%. 451 
Case 4: only light equipment assigned on the first floor, γf =1.00, and γm=0.2%. 452 
The seismic responses of the 5-story building in the x direction were calculated using both the 453 

real mode approximation method and the complex mode method. In the analysis, the response 454 
spectrum is identical to that used in section 3. Table 6 summarizes the errors of the responses 455 
quantified by comparison of the results from the two methods. Case 4 is beyond the proposed 456 
range of applicability of the real mode approximation method. The real mode approximation 457 
method underestimates the structural seismic responses, including the inter-story drifts and story 458 
shear forces, by more than 10%. Although Case 2 falls within the equipment-structure tuning 459 
region (γf = 0.99), the equipment-to-structure mass ratio γf is greater than 7%, which thus satisfies 460 
the range of applicability. The real mode approximation method provides an accurate response 461 
estimate with an error of less than 4%. For Case 1 and Case 3, the equipment-to-structure 462 
frequency ratio γf exceeds 1.1, and the real model approximation method provides a very accurate 463 
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estimation. The analysis results of the FE models of the five-story industrial building validate the 464 
proposed range of applicability for the real mode approximation method. 465 

Table 6 Errors of the inter-story drifts and story shear forces estimated by the real mode approximation 466 
method 467 

Story no. 
Case 1 Case 2 Case 3 Case 4 

Err(∆) Err(V) Err(∆) Err(V) Err(∆) Err(V) Err(∆) Err(V) 

1st 0.0 0.0 0.0% 0.9% 0.00% 0.0% -9.8% -9.0% 

2nd  0.0 0.0 -0.9% 1.2% 0.00% 0.0% -12.2% -10.7% 

3rd  0.0 0.0 0.0% -3.2% 0.00% -0.4% -14.9% -13.1% 

4th  0.0 0.0 -2. 7% 0.82% 0.00% 0.0% -13.6% -11.0% 

5th  0.0 -1.0% -1.4% 1.0% 0.00% 0.0% -10.8% -10.3% 

Note: Err(∆) represents the error of the inter-story drift, and Err(V) represents the error of the story shear force. 468 

6 Conclusions 469 

This study presents a comparison of two spectrum-based seismic response methods (i.e., the 470 
real mode approximation method and the complex mode method) for the non-classically damped 471 
industrial buildings. From extensive analysis using the lumped mass-and-shear spring models, the 472 
range of applicability of the real mode approximation method is quantified, and it is further 473 
validated by the FE analysis of a five-story industrial building. The major conclusions are 474 
summarized as follows: 475 
(1) When the natural frequencies of the equipment and structure are well separated (γf > 1.1 or γf 476 

< 0.9), the real mode approximation method that neglects the non-zero off-diagonal damping 477 
terms provides an accurate estimation of the seismic response of the coupled 478 
structure-equipment system, with errors less than 10%. 479 

(2) In the equipment-structure tuning region (i.e., 0.9 ≤ γf ≤ 1.1), the real mode approximation 480 
method may provide an inaccurate estimate of the seismic response, particularly when the 481 
equipment-to-structure mass ratio is small. This is because in such a situation, the coupled 482 
structure-equipment system has a pair of modes with closed spaced frequencies, and the 483 
non-classical damping leads to significant damping interaction between these modes. The real 484 
mode approximation method cannot accurately estimate the damping ratios and mode shapes 485 
of these modes, and the errors of the modal properties further propagate to the seismic 486 
response calculation. 487 

(3) For a single-story primary structure with equipment (where the damping ratios of the structure 488 
and equipment are assumed to be 0.03 and 0.10 respectively), the range of applicability of the 489 

real mode approximation method is (a) γf > 1.1 or γf < 0.9 and (b) 0.9 ≤ γf ≤ 1.1 and γm ≥ 0.07. 490 
This range of applicability can be further extended to a multi-story primary structure if the 491 
equipment-to-structure frequency ratio and mass ratio are calculated based on the fundamental 492 
natural frequency and corresponding modal mass. 493 

(4) For the steel and RC industrial buildings with equipment with various damping ratios, the 494 
range of applicability of the real mode approximation method is listed in Table 3 and Table 4 495 
of this paper, which can be referenced in practical design. 496 

(5) The analysis of a refined FE model of a five-story industrial building validates the proposed 497 
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range of applicability of the real mode approximation method for seismic response 498 
calculation. 499 
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