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Range of Applicability of Real Mode Superposition Approximation Method for
Seismic Response Calculation of Non-Classically Damped Industrial Buildings

Abstract: An industrial building is a non-classically damped system due to the different damping
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5  properties of the primary structure and equipment. The objective of this paper is to quantify the
6  range of applicability of the real model superposition approximation method to the seismic
7  response calculation of industrial buildings. The analysis using lumped mass-and-shear spring
8  models indicates that for the equipment-to-structure frequency ratios yr > 1.1 or yr < 0.9, the
9  non-classical damping effect is limited, and the real mode superposition approximation method
10  provides accurate estimates. For 0.9 < yr < 1.1, the system may have a pair of closely spaced
11 frequency modes, and the non-zero off-diagonal damping terms have a non-negligible effect on
12 the damping ratios and mode shape vectors of these modes. For 0.9 < yr < 1.1 and the
13 equipment-to-structure mass ratios ym <0.07, the real mode superposition approximation method
14 results in large errors, while the approximation method can provide an accurate estimation for 0.9
15 < yr<l.1and ym > 0.07. Furthermore, extensive parametric analyses are conducted, where both
16  steel structures and reinforced concrete structures with equipment with various damping ratios are
17  considered. Finally, the finite element analysis of a five-story industrial building is adopted to

18  validate the proposed range of applicability.

20  Keywords: Non-classical damping, structure-equipment interaction, real mode superposition

21  approximation method, complex mode superposition method, seismic response calculation.
22 1 Introduction

23 The calculation of seismic response of industrial building systems should consider the
24 dynamic equipment-structure interaction. Often, the effect of dynamic interaction between the
25  equipment and the primary structure is enhanced when the natural frequency of the equipment is
26 close to that of the primary structure. Another important factor that affects the dynamic response
27  characteristics of an industrial building system is the non-classical damping, which is developed
28 by considering the various attributes related to the equipment housed inside the primary structure.

29 The time-history response analysis of a coupled structure-equipment system can provide an
30  accurate estimate of the dynamic responses of an industrial building when subjected to ground
31  motions. Nevertheless, the time-history response analysis is inconvenient for a regular seismic
32  design practice since it involves complex modeling and is computationally demanding. Currently,
33  the popular approaches used for the seismic design of industrial buildings are based on response
34  spectrum analysis. To date, three response spectrum-based methods have been developed for
35  evaluating seismic response of industrial buildings as follows. (1) Uncoupled method: In this
36  method, the primary structure and equipment are analyzed separately, neglecting their dynamic
37  interaction. In the analysis of the primary structure, the equipment is taken as an additional floor
38  mass, while its flexibility and damping are neglected. Afterwards, the responses of the equipment
39 are calculated based on its dynamic characteristics and the floor response spectra. (2) Real mode
40 superposition approximation method based on a coupled model (hereinafter referred to as
41  the “real mode approximation method”): In this method, both the primary structure and the
42 equipment are included in a coupled model to consider their dynamic interaction. Although the
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damping matrix of the non-classically damped system cannot be decoupled using the undamped
real mode shape vectors, the non-zero off-diagonal damping terms are neglected for simplification.
The responses of the system are calculated by superposition (e.g., complete quadratic combination
(CQQ)) of spectrum responses of a number of real modes (Clough and Penzien (1993)). (3)
Complex mode superposition method based on a coupled model (hereinafter referred to as
the “complex mode method”): This method is an improvement over the previous method
because it considers the non-classical damping effect. The complex modal parameters are obtained
from the eigenvalue analysis of the coupled system in the state-space domain (Yang et al. (1990)),
and then the seismic response of the system is obtained by superposing the spectrum responses of
a number of complex modes. One promising algorithm for the complex modal response
superposition is the complex complete quadratic combination (CCQC) algorithm developed by
Yang et al. (1990) and Zhou et al. (2006). Note that while other alternative methods have been
proposed (e.g., Falsone and Muscolino (2004)), they are not fully mature for application in
practical design.

Despite providing accurate response estimates, the complex mode method is complicated in
computation, unfamiliar to engineers and not included in most commercial structural design
programs. Therefore, practical engineers prefer to use the uncoupled method and the real mode
approximation method. The accuracy of these two commonly-used methods is found to be related
to (a) the difference in the damping ratios between the primary structure and the equipment, (b)
the equipment-to-structural frequency ratio, and (c) the equipment-to-structural mass ratio (Li et al.
(2018)).

Table 1 summarizes the range of applicability of the uncoupled method specified in the
Chinese code for seismic design of nuclear power plants (GB50267-2019) (2019), the Chinese
code for seismic design of petrochemical steel facilities (GB50761-2012) (2012) and the U.S.
standard for seismic analysis of safety-related nuclear structures (ASCE/SEI 4-16) (2014). As
indicated in Table 1, the uncoupled method is applicable when the equipment mass is significantly
lower than the primary structure mass (i.e., the equipment-to-structural mass ratio ym is very small),
or the vibrations of the equipment and primary structure are not tuned (i.e., the natural vibration
frequencies of the equipment and primary structure are adequately separated).

Table 1 Range of applicability of the uncoupled method specified in various codes

Equipment-to-structural vibration

Codes Equipment-to-structural mass ratio ym )
frequency ratio yr
ym<1% No limit
GB50267-2019
1% <ym< 10% y£< 0.8 or yr>1.25
ym<0.2% No limit
GB50761-2012 o
No limit <09 oryr>1.1
Pm < 4% No limit
ASCE/SEI 4-16
4% < ym < 100% Related to ym

The range of applicability of the real mode approximation method has not yet been provided in
current design codes. Nevertheless, extensive efforts have been devoted to analyzing the
non-classical damping effect and estimating the error introduced by neglecting non-zero
off-diagonal damping terms (e.g., Shahruz and Ma (1988), Shahruz (1990), and Bhaskar (1995)).
Hasselman (1976) found that, for a lightly damped structure, the non-zero off-diagonal damping
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terms have a negligible effect on the dynamic responses, provided that adequate frequency
separation exists between different modes. He proposed a criterion for neglecting non-zero
oft-diagonal damping terms. A similar criterion was also suggested by Warburton and Soni (1977).
Shahruz and Ma (1988) and Hwang and Ma (1993) estimated the error introduced by disregarding
the off-diagonal terms and proposed formulas to calculate the error bounds. Xu and Igusa (1991)
revealed that for a pair of modes with closely spaced natural frequencies, the non-zero
oft-diagonal damping terms lead to a decrease in the modal damping ratio of one mode and an
increase in the damping ratio of another mode. Consequently, for a system with closely spaced
modes, neglecting the off-diagonal damping terms results in underestimation of the dynamic
response. Tadinada and Gupta (2011) and Gupta and Bose (2017) estimated the significance of
non-classical damping in the coupled structure-equipment systems and demonstrated that the
effect of non-classical damping is significant in a tuned or nearly tuned uncoupled system for
which the modes of the primary system are tuned with the modes of the secondary system.

The objective of this paper is to determine the range of applicability of the real mode
approximation method for seismic response calculation of industrial buildings. The second section
briefly summarizes the theory and equations of the real mode approximation method and the
complex mode method. The third section analyzes the error of the real mode approximation
methods using lumped mass-and-shear spring models. The error is quantified by comparison with
the results of the complex mode method, and the causes and influential parameters of the error are
discussed in detail. The fourth section presents the range of applicability of the real mode
approximation method through extensive parametric analyses of steel and reinforced concrete (RC)
primary structures with equipment with various damping ratios. Finally, finite element (FE)
analysis of a five-story industrial building is presented as a case study to validate the proposed
range of applicability of the real mode approximation method.

2 Response spectrum-based methods for coupled structure-equipment systems

The equation of motion for the coupled structure-equipment system when subjected to
ground motion is formulated as follows:

[M]{x(1)}+ [C]{.f(.f)}+[K]{x(.f)}:—[M]{I}k'g () 0

M 0 c 0 K 0
M]=|" " cl=| " K]=|"" 2
v I I O R P B
where x(f) denotes the displacement vectors of the system relative to the ground; X,(¢) denotes the
acceleration history of ground motion; [M], [C] and [K] denote the mass, damping and stiffness
matrices of the coupled structure-equipment system; M,, Cp, and K, denote the mass, damping and

stiffness matrices of the primary structure; and Ms, Cs, and K, denote the mass, damping and
stiffness matrices of the equipment.

2.1 Real mode approximation method

The natural frequencies and real mode shapes of the undamped system are obtained from the
eigenvalue analysis of the [M] and [K] matrices. Although the non-classical damping matrix [C]
cannot be decoupled by the real mode shape vectors of the undamped system, the non-zero
oft-diagonal terms of the modal damping matrix are neglected. The damping ratio {; of the ith
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mode is calculated as:
i) [clie)
o) [M]{¢}e

where w; and {@;} denote the natural circular frequency and real mode shape vector of the ith

g = (3)
2
mode, and the superscript T denotes the transpose operation.
Based on the natural frequency w;, damping ratio ¢, and associated real mode shape vector

{#:}, the peak modal response of the ith mode of the coupled structure-equipment system can be
calculated via response spectrum analysis. Afterwards, the total peak response of the system is
estimated by a combination of the peak modal responses of a number of modes, based on the CQC

SE:”;;pkrSkSr “4)

where Siand S, denote the kth and rth modal responses, respectively; pk- denotes the correlation
coefficient between the kth and 7th modes. More details can be found in Chopra (2007).

rule as follows:

2.2 Complex mode method

The equation of motion (i.e., Eq. (1)) is rearranged as the following equation in state space, in
which the system of n second-order differential equations is reduced to a system of 2n first-order
differential equations:

[R]{z(1)} + [s]{= (")} = -[RI{E}%, (¢) (5)

[R]:Ltﬂl ﬂ [S1=Hl H {Z(”}{jm {E}=Eéﬂ ©

where [R] and [S] are symmetric, real matrices of size 2n by 2n, {z(f)} denotes the state vector of
2n elements, of which the lower n elements represent the displacement response and the upper n
elements represent the velocity response.

The characteristic value equation is then given by:

w[R]{ @] +[S|{ @} =10} (7)

For the underdamped system with n degrees of freedom (DOF), the solution of Eq. (7) gives
n pairs of complex conjugate characteristic values and » pairs of complex conjugate characteristic
vectors. The ith pair of characteristic values and the corresponding characteristic vectors are given

/ui:_é,ia)iijwi\/l_é‘f (®)

(@) :{M@}:{M(% + v, )} ©)

é, @t jy,

by Eqgs. (8) and (9), respectively.

where g is the ith characteristic value; w; and {; represent the undamped natural circular frequency
and damping ratio of the ith mode, respectively; {®;} is the ith characteristic vector, of which the
lower n elements ¢; represent the ith complex modal displacement vector and the upper # elements
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represent the associated modal velocity vector {i¢;}; and ¢; and y; denote the real and imaginary
parts of {¢;}.

For the non-classically damped system with complex modes, the displacement time history
response {x(f)} is expressed as a linear combination of the modal displacement responses and
modal velocity responses (Zhou et al. (2006)):

0} =2 4,4, +B4,® (10)
i=1
where A; gi(t) represents the ith modal displacement response, B; gi(?) represents the ith modal
velocity response, gi(f) is the ith modal coordinate, and the coefficient vectors 4;and B; can be
determined from the complex modal properties of the system, as described in Zhou et al. (2016).
The total peak displacement response of the system can be obtained by a combination of
modal spectrum responses based on the CCQC method as follows:

X, = {ZZpBDAk A4S, (0)S,(w)+pB.B.S (0,)S,(0,)+2p.°B,AS,(®,)S, (e, )}
r=1 k=1

(11)

M=
NgE

(IDIBDAI« 4.+ p, B B.w,w, +2p," B, A0, )Sd (@,)S,(, )}

>
o

r=

where x, is the total peak displacement response; wy and w, are the kth and rth modal frequencies;

DD VD
o > Phr

and damping ratios of the complex modes, as described in Zhou et al (2016); and Sg and Sy

three correlation coefficients p and pZY can be calculated from the natural frequencies

represent the displacement and pseudo-velocity spectrum responses.
Eq. (11) can be further formulated as follows:

x(} :{iirh Sa(a)r) Sa((;)k) (12)

2
=1 k=1 @, (2

where S, represents the pseudo-acceleration spectra, the design form of which is specified in the

design codes, and the coefficient /. is given by:
T'=pXA4A +p. BB.oo +2p. B A, (13)

The accuracy of the complex mode method has been validated by Yang et al. (1990) and
Zhou et al. (2016).

3 Error analysis of the real mode approximation method
3.1 Single-story structure with equipment

As shown in Fig. 1, a coupled model for a single-story structure with equipment is developed
using MATLAB, where the lower mass-dashpot-spring represents the primary single-story
structure and the upper mass-dashpot-spring represents the equipment. The modal analysis and
seismic response analysis of the model using the real mode approximation method and complex
mode method are presented below. The comparison of the results quantifies the error of the real
mode approximation method, and the detailed analysis illustrates the error sources.
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Fig. 1 Lumped model of a single-story structure with equipment system

3.1.1 Modal properties

Past studies have indicated that off-diagonal damping terms have limited influence on the
dynamic responses of systems with widely spaced natural frequencies but have a significant effect
on those with closely spaced natural frequencies (Hasselman (1976) and Warburton et al. (1977)).
For a coupled structure-equipment system, the spacing of its vibration frequencies is related to the
equipment-to-structure frequency ratio yr = fi/f,, where f; and f; represent the natural frequency of
the equipment and that of the primary structure, respectively. Fig. 2 shows the undamped natural
frequencies of complex modes for a coupled structure-equipment system, where the mass ratio of
ym = ms/my is set as 0.1, and the damping ratio of the primary structure and that of the equipment is
assumed to be ¢, = 0.03 and {; = 0.1, respectively. In Fig. 2, the natural frequency w of the coupled
system is normalized with the natural frequency of the primary structure wp. Note that the steel
structure is assumed to have a damping ratio of 0.03 as per the Chinese code for seismic design of
special structures (GB 50191-2012) (2012). The damping ratio of various types of industrial
equipment ranges from 0.01 to 0.1 (ASCE/SEI 4-16 (2014)), and herein, a large value of 0.1 is
considered. Fig. 2 indicates that when the frequency of the equipment is close to that of the
primary structure (i.e., yr ranges from 0.9 to 1.1), tuning between their vibrations results in closely
spaced natural frequencies of the two modes of the coupled structure-equipment system. In such a
situation (hereinafter described as the formation of an “equipment-structure tuning region”), the
damping interaction between two closely spaced modes is significant, and the error induced by
neglecting the off-diagonal damping terms is non-negligible (Veletsos (1986)).
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Fig. 2 Natural frequencies of coupled structure-equipment system (ym = 0.1, ¢, = 0.03, { = 0.1)
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In the following analysis, the most critical case, i.e., a frequency ratio of yr = 1.0
(corresponding to perfect tuning between frequencies of the equipment and primary structure), is
considered for quantification of the error induced by neglecting the off-diagonal damping terms.
The damping ratios remain at 0.03 and 0.1 for the primary structure and equipment respectively,
while the equipment-structure mass ratio ym is taken as a variable, ranging from 0.001 to 1.0.

(1) Natural frequency

Fig. 3 shows the calculated undamped natural frequencies of the real modes and the
undamped natural frequencies of the complex modes. The two sets of natural frequencies are
similar, with an error of less than 5%. Fig. 3 also indicates that the natural frequencies of the two
modes increasingly separate from each other with an increased equipment-to-structure mass ratio

¥m, implying less interaction between the two modes at a high value of ym.
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Fig. 3 Undamped natural frequencies of the coupled structure-equipment system

(r=1.0, & = 0.03, & = 0.1)

(2) Damping ratio

Fig. 4 plots the damping ratios of the complex modes and the calculated damping ratios using
the real modes that neglect the off-diagonal damping terms. This indicates that when the
equipment-to-structure mass ratio yn is less than 0.01, neglecting the off-diagonal damping terms
results in significant errors in the estimate of the modal damping ratios. The real mode
approximation method estimates the damping ratio of approximately 0.065 for two modes, which
obviously overestimates the damping ratio of the 1st mode while underestimates the damping ratio
of the 2nd mode. This is consistent with the finding of Xu and Igusa (1991). Note that such errors
in the estimated damping ratios will propagate in the subsequent analysis and lead to
non-negligible errors in the seismic response determined by the real mode approximation method.
When the equipment-to-structure mass ratio is greater than 0.01, the modal damping ratios
calculated by both methods are similar. This is because the off-diagonal damping terms have
limited influence when the natural frequencies of the two modes are obviously separated (see Fig.
3).
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Fig. 4 Damping ratios of the coupled structure-equipment system (fs = fp, ¢p = 0.03, s = 0.1)

(3) Mode shape vectors

Fig. 5 and Table 2 compare the real mode shape vectors with the complex mode shape
vectors for ym = 0.001, 0.01, 0.1 and 1.0. When the mass ratio yn is less than 0.01, the complex
mode vectors have large imaginary parts. When the mass ratio exceeds 0.01, the imaginary parts
of the complex mode vectors are significantly reduced and their real parts become similar to the

real mode vectors.

-5 0 5 -5 0 5 -20 0 20
Real part Imaginary part
Complex mode Real mode

(a) 1st mode
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Fig. 5 Mode shape vectors of the coupled structure-equipment system (fs = fp, {p = 0.03, &= 0.1)

222 Table 2 Modal properties of the system (fs = fp, & = 0.03, & = 0.1)
Modal Complex modes Real modes
] Story
properties Ist mode 2nd mode Ist mode 2nd mode
ms=0.001my
w/wp 1.00 1.00 0.98 1.02
o*/wp 1.00 1.00 0.98 1.01
¢ 0.03 0.10 0.06 0.07
1 1 1 1 1
mode shape
2 1.34 - 7.531 -1.43-13.18i 32.13 -31.13
ms=0.01myp
w/wp 0.96 1.04 0.95 1.05
o*/wp 0.96 1.03 0.95 1.05
¢ 0.06 0.07 0.06 0.07
1 1 1 1 1
mode shape
2 7.10 - 6.291 -7.50 - 7.62i 10.51 -9.51
ms=0,1mp
w/wp 0.86 1.17 0.85 1.17
o*/wp 0.86 1.16 0.85 1.17
¢ 0.05 0.08 0.05 0.08
1 1 1 1 1
mode shape
2 3.57-0.671 -2.71-0.701 3.70 -2.70
ms=1.0my
w/wp 0.62 1.62 0.62 1.62
o*/wp 0.62 1.60 0.62 1.60
¢ 0.03 0.13 0.03 0.13
1 1 1 1 1
mode shape
2 1.61 - 0.06i -0.63 - 0.06i 1.62 -0.62
223

Note: w denotes the undamped natural vibration frequency, and w* denotes the damped vibration frequency.
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3.1.2 Seismic response calculation

The acceleration response spectra specified in the Chinese code for seismic design of
buildings (GB 50011-2010) (2016) are adopted. The site of the industrial building has a seismic
intensity of VIII, corresponding to a peak ground acceleration (PGA) of 0.2 g for the design basis
earthquake (with a probability of exceedance of 10% in 50 years). The site falls into Site Class III,
and the characteristic period of site 7, is 0.55 s. The damping ratio of the primary structure is
assumed to be 0.03, which is the damping of steel structures specified by GB 50011-2010 (2016).
The natural period of the primary structure 7}, is assumed to be 0.8 s. In the following analysis, the
mass, stiffness and damping of the equipment are taken as variables to investigate the influence of
the equipment damping, equipment-to-structure frequency ratio yr and equipment-to-structure
mass ratio ym. Both the complex mode method and the real mode approximation method are used
in the analysis for comparison. The error of the real mode approximation method is defined as

follows.

Err(S) =S = Seomp )/ Seomp (14)

where S denotes the responses (e.g., the story drift or shear force) and the subscripts “real” and
“comp” represent the real mode approximation method and complex mode method, respectively.
(1) Effect of the equipment-to-structure frequency ratio yr and mass ratio ym

Fig. 6 shows the errors of the estimated story drift of the primary structure by the real mode
approximation method relative to the complex mode method, where the equipment-to-structure
frequency ratio yr and mass ratio ym are taken as variables, Note that the damping ratio of the
equipment (; is fixed at 0.1. Relatively large errors are observed in the equipment-structure tuning
region (i.e., 0.9< y <1.1). In such a situation, the 1st and 2nd natural vibration frequencies of the
coupled structure-equipment system approach each other (see Fig. 2), leading to significant
interaction between the two modes. For the equipment-to-structural mass ratios ym < 0.01, the
maximum error of the estimated structural drift reaches 25%, while the errors are less than 10%
for ym > 0.1. For the equipment-to-structural frequency ratios yr > 1.1 or yr < 0.9, the error is less
than 10% despite the values of the equipment-to-structural mass ratio. If setting the error limit of
10% as criterion, the range of applicability of the real mode approximation method is as
follows: (a) yr> 1.1 or 1< 0.9; or (b) 0.9 <»r< 1.1 and ym > 0.07.
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Fig. 6 Error of inter-story drift response calculated by real mode approximation method ({p = 0.03, {s =
0.1)

(2) Error source analysis

The error of the real mode approximation method results from the difference in the modal
properties between the real mode and the complex mode, primarily on the damping ratios and
mode shape vectors. Fig. 4 indicates that for the mass ratio ym ranging from 0.001 to 0.01, the real
mode approximation method obviously overestimates the damping ratio of the 1st mode of the
system while underestimates the damping ratio of the 2nd mode. Table 2 indicates that for the
mass ratios ym = 0.001 and ym = 0.01, the real part of the complex mode shape is significantly
different from the real mode shape, while the imaginary part of the complex mode shape is large,
which leads to the significant velocity-contribution term in the modal displacement response in Eq.
(11). Fig. 4 and Table 2 also indicate that the real mode approximation method provides accurate

estimates of the damping ratios and mode shape vectors for mass ratios ym > 0.1.
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Equipment-to-structure mass ratio ym Equipment-to-structure mass ratio ym,
(a) The 1st mode response (b) The 2nd mode response

Fig. 7 Seismic displacement response of the primary structure at different modes

(fs = fo» £p=0.03, &= 0.1)

In Fig. 7, the most critical case yr= 1.0 is considered for comparison of the modal response of
the system obtained from the real mode approximation method and the complex mode method. At

a very small mass ratio, there is an obvious discrepancy in the modal response. However, the error

11
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of the 1st modal responses is less than 10% for ym > 0.04, and that of the 2nd modal response is
less than 10% for ym > 0.02. Fig. 8 shows the error of the combined responses of the two modes by
the real mode approximation method, in the equipment-structure tuning region (e.g., yr= 0.9, 1.0
and 1.1). The negative error indicates that the real mode approximation method leads to an
underestimate of the primary structure response, and consequently may result in unsafe design.
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Fig. 8 Structural drift error of the real mode approximation method ({, = 0.03, {s=0.1)

(3) Influence of damping ratio

Because the non-classical damping naturally originates from the difference in the damping
properties between the primary structure and equipment, a larger difference in their damping ratios
is expected to result in a larger non-classical damping effect of the coupled structure-equipment
system. Fig. 9 illustrates how the equipment damping ratio influences the accuracy of the seismic
response estimation by the real mode approximation method. In this figure, the error is quantified
in terms of the story drift responses of the primary structure. The damping ratio of the primary
structure is fixed at 0.03, while the damping ratio of equipment varies from 0.002 to 0.1. Several
cases are considered for equipment-to-structure mass ratios ym = 0.001 and 0.1, and
equipment-to-structure frequency ratios yr = 0.9, 1.0 and 1.1. Fig. 9 indicates that when the
damping ratio of the equipment becomes increasingly different from that of the primary structure,
the error of the real mode approximation method increases. The error is within 10%, with the
exception of the cases of ym = 0.001 and yr = 1.0. This result is consistent with the findings of
Gupta et al., that for the perfectly tuned structure-equipment systems (yr = 1.0), the significance of
non-classical damping increases for very slight equipment systems. In such a situation, as
indicated in this figure, the real mode approximation method significantly underestimates the
structural response if the equipment has a higher damping ratio than the primary structure, and
overestimates the structural response if the equipment has a lower damping ratio than the primary

structure.
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Fig. 9 Error of structural drift response versus equipment damping ratio ({, = 0.03)

As the variation in site class changes the design response spectrum curve, additional analysis
is conducted to estimate whether site class influences the range of applicability of the real mode
approximation method. Four site classes, ranging from Class I through Class IV are considered.
The analysis results indicate that the site class has a very limited influence on the errors of the
inter-story drift response calculation except in the cases of ym < 0.007 and yr =1.0. The
aforementioned range of applicability of the real mode approximation method holds true despite
the variation in the site class.

3.2 Multi-story structure with equipment

The following analysis extends from a single-story primary structure to a multi-story
structure. The multi-DOF lumped mass-and-shear spring model shown in Fig. 10 is used for
analysis. Similar to subsection 3.1.1, the damping ratio of the primary structure is assumed to be ¢,
= 0.03, and that of the equipment is assumed to be {s = 0.1. The damping matrix of the primary
structure is determined by superposing the damping matrices for all the modes (Chopra (2007)).
For a multi-story industrial building system, the equipment-to-structure mass ratio ym and
frequency ratio yr are defined as follows:

{¢P1 }T [Me ]{¢pl}

Y = T (15)
ft [M,J{o}
Ve :fisl (16)

where f;1 denotes the first undamped natural frequency of the primary structure, [M,] denotes the
mass matrix of the primary structure, and [Mc] denotes the supplemental mass matrix of the
equipment, which is a diagonal matrix that is the same size as [M,]. If the equipment is installed in
the ith story, the ith diagonal element of [M.] is taken as this equipment mass ms; otherwise, it is
taken as zero. In Eqs. (15) and (16), the first natural frequency and modal mass of the first mode of
the primary structure are considered for the definition of ym, and y, because the seismic response of
the multi-story structure system is commonly dominated by the first mode vibration.
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Fig. 10 Multi-DOF lumped mass-and-shear spring models

(1) Effect of the equipment-to-structure frequency ratio y¢

A 10-story primary structure is considered. A structural mass of 500 tons is uniformly
assigned for each floor, and the inter-story shear stiffness of 3.08x107 N/m is uniformly distributed
along with the height. The first three natural vibration periods of the primary structure are 1.69 s,
0.57 s and 0.35 s, respectively. First, equipment is assumed to be located on a single floor. The
mass and lateral stiffness of the equipment are taken as variables in the analysis, resulting in
various equipment-to-structure mass ratios and frequency ratios. Both the real mode
approximation method and the complex mode method are used for analysis, based on the design
spectrum specified in Chinese code GB 50011-2010. Note that the site condition and design
spectrum parameters are identical to those specified in subsection 3.1.2. The maximum inter-story
drift response occurs in the first story, while the maximum error of the estimated inter-story drift
(i.e., the difference in the results between the two methods, as defined in Eq. (14)) occurs at
different stories depending on the mass ratio ym and the frequency ratio yr. Fig. 11 shows the
maximum error versus equipment-to-structure frequency ratio yr for the 10-story structure. The
plots include various cases for the equipment-to-structure mass ratio (ym= 0.001, 0.01 and 0.1) and
equipment location (at the 1%, 4™, 7" and 10" floors).

T T T T

0.15F b
Equipment at 1st floor
— — — Equipment at 4th floor
————— Equipment at 7th floor
---------- Equipment at 10th floor
0.1 J
S
|
0.05F
0 L el L
0 1.5 2 25 3 3.5

Equipment-to-structure frequency ratio ys

(a) ym =0.001
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Fig. 11 Inter-story drift error versus equipment-to-structure frequency ratio s

(& =0.03, &= 0.1)

Fig. 11 clearly indicates that the error reaches the peak value in the equipment-structure
tuning region. For 0.9 <y < 1.1, the error of the real mode approximation method is up to 25% for
the small equipment case of ym =0.01 (see Fig. 11(b)), while the error is less than 10% for the case
of ym = 0.1 (see Fig. 11(c)). For yr < 0.9 or yr > 1.1, the error is less than 10% for various mass
ratios and equipment locations, with the exception of the case of ym = 0.01 and equipment at the
first floor (the maximum error is 12%). This observation is consistent with the single-story
structure results. Note that, although the error increases when the natural frequency of the
equipment approaches the frequency of the second mode of the primary structure (i.e., yr=3.0 in
Fig. 11), the error remains less than 10% because the inter-story drift response is not dominated by
the second mode of vibration.

To generalize the conclusions, the number of stories is taken as a variable for analysis,
ranging from 2 to 10 stories. Fig. 12 shows the error of the inter-story drift estimation versus the
equipment-to-structure frequency ratio yr for varying stories. Note that, this figure corresponds to
the case where the equipment is located on the first floor. Fig. 12 indicates similar results as those
described in the above paragraph. Since an industrial building is usually less than 10 stories, the
observations can be generalized to most multi-story industrial buildings.
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Fig. 12 Error of inter-story drift estimation for the structures of various stories

(r=1.0, & = 0.03, &= 0.1)

(2) Effect of the equipment-to-structure mass ratio ym

The above analysis demonstrates that in the equipment-structure tuning region (i.e., 0.9 < y¢ <
1.1), the non-classical damping has an increased effect and results in the inaccuracy of the real
mode approximation method. The following analysis aims to quantify the influence of the
equipment-to-structure mass ratio in this tuning region. The most critical equipment-to-structure
mass ratio yr = 1 is considered in the analysis. An extensive parametric analysis is conducted,
which includes the following variables: (a) the story number (ranging from 2 to 10); (b) the
location where the equipment is installed; and (c) the equipment-to-structure mass ratio (ranging
from 0.001 to 1). For each analysis case, the seismic responses are calculated using both the
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complex mode method and the real mode approximation method, and the errors are quantified
using Eq. (14).

Fig. 13 shows the errors of the maximum inter-story drift calculated by the real mode
approximation method. In this figure, although the plots correspond to the structures that have
different stories, the results have a rather similar trend. This indicates that in the
equipment-structure tuning region, the real mode approximation method leads to an error of up to
25% at the equipment-to-mass ratio ym = 0.01. As the equipment-to-mass ratio increases to ym >
0.07, the error is less than 10%. This is consistent with the conclusions obtained from the
single-story primary structure analysis in subsection 3.1. Note that although only two cases for
equipment location, (i.e., at the first floor and the top floor) are shown in Fig. 13, the analysis of

other equipment location cases produces the same conclusions.
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(b) Equipment on the top floor

Fig. 13 Inter-story drift error versus equipment-to-structure mass ratio ym

(r=1.0, & = 0.03, &= 0.1)

(3) Equipment on multiple floors

The above analysis considers that the equipment is installed on a single floor. The following
analysis considers multiple pieces of equipment installed on different floors, with the objective of
generalizing the conclusions. Another extensive parametric analysis is conducted. Fig. 14 shows
the analysis results for one example, where four cases of equipment distribution are considered for
a 10-story primary structure. The plots demonstrate how the errors of the real mode approximation
method vary along with different equipment-to-structure mass ratios pm with the
equipment-structure tuning condition of yr = 1. Fig. 14 indicates that the inter-story drift errors for
the cases of equipment at multiple floors are similar to those for the case of equipment at a single
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story in Fig. 13. Further analysis also indicates that the range of applicability of the real mode
approximation method obtained from the previous analysis (i.e., (a) y¢r> 1.1 or pr < 0.9; or (b) 0.9

<9< 1.1 and ym 2 0.07) holds true for the cases of equipment distributed at multiple floors.
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Fig. 14 Inter-story drift error with equipment at multiple floors
(& =0.03,&=0.1, y:=1.0)
4 Range of applicability of the real mode approximation method for industrial structures

Section 3 proposes the range of applicability of the real mode approximation method by
assuming the damping ratio of the primary structure to be {, = 0.03 and that of the equipment to be
¢ =0.1. According to the Chinese code for seismic design of special structures (GB 50191-2012)
(2012), the damping ratio of RC structures is taken as 0.05, and that of steel structures is taken as
0.03. In addition, the damping ratio of the equipment used in industrial buildings commonly varies
from 0.01 to 0.1, as recommended by ASCE/SEI 4-16. As described in subsection 3.1.2, the
variation in damping ratios for the primary structure and equipment also influences the range of
applicability of the real mode approximation method. Therefore, the following numerical analysis
using the lumped mass-and-shear spring models is performed to further quantify the range of
applicability of this approximation method for steel and RC industrial buildings.

4.1 Steel industrial buildings

For steel industrial buildings, the damping ratio of the primary structure is assigned to be {, =
0.03, as per Chinese code GB 50191-2012, while the damping ratio of the equipment (; is assigned
from 0.01 to 0.1, with an increment of 0.01. Numerous analyses are conducted following the
process described in section 3 to determine the error of the structural drift response of the real
mode approximation method. Note that in the analysis, the seismic spectra are identical to those
used in section 3, the height of the primary structure varies from a single story to ten stories, the
equipment-to-structure frequency ratio varies from 0 to 3, and the equipment-to-structural mass
ratio varies from 0.001 to 1. The limit of error of 10% is set as the criterion for the applicability of
the real mode approximation method.

Table 3 summarizes the range of applicability of the real mode approximation method for
steel industrial buildings. The approximation method is usable under the condition of (a) yr > 1.1
or yr < 0.9 or (b) 0.9 <y < 1.1 and ym = 0.07 for all cases. This is identical to the conclusion of
section 3. In addition, for equipment with a damping ratio close to that of the primary structure,
the mass ratio limit for the real mode approximation method is further loosened. When the
equipment has a damping ratio within 0.02 to 0.04, the non-classical damping effect is very
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405  limited, and the real mode approximation method can provide an accurate estimation despite the
406  equipment-to-structure frequency ratio and equipment-to-structure mass ratio.

407 Table 3 Range of applicability of the real mode approximation method for steel industrial buildings
Ym <0.3% 0.3%~1% 1%~4% 4%~7% >T7%

:=0.01 NU U U U U

&=0.02 U U U U U

&=0.03 U U U U U

&=0.04 U U U U U

09 (:=0.05 NU NU U §) U

<<

11 &=0.06 NU NU U U U

&=0.07 NU NU NU U U

$:=0.08 NU NU NU §) U

$:=10.09 NU NU NU NU U

&=0.10 NU NU NU NU U

y£<0.9 or yr>1.1 U U U U U

408 Note: “NU” represents non-usable, and “U” represents usable.
409 4.2 RC industrial buildings

410 A similar analysis is conducted for RC industrial buildings, except the damping ratio of the
411  primary structure is set to {, = 0.05. The obtained range of applicability of the real mode
412  approximation method for RC industrial buildings is summarized in Table 4. The approximation
413  method is usable for (a) yr > 1.1 or y; < 0.9 or (b) 0.9 < y < 1.1 and ym 2> 0.04. The range of
414  applicability for concrete industrial buildings is similar to that for steel industrial buildings, except
415  for a slight difference in the mass ratio limit in the equipment-structure tuning region. In addition,
416  when the equipment has a damping ratio within 0.04 to 0.07, the real mode approximation method
417  can provide accurate estimation despite the equipment-to-structure frequency ratio and
418  equipment-to-structure mass ratio.

419
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Table 4 Range of applicability of the real mode approximation method for RC industrial buildings

Ym <0.3% 0.3%~1% 1%~4% > 4%
=0.01 NU NU U U
=0.02 NU NU U U
=0.03 NU 6] 6] U
¢s=0.04 U U U U
09 &= 0.05 U U U U
<<
11 &=0.06 U 6] U U
¢s=0.07 u 6] 6] U
&=0.08 NU NU U U
¢s=0.09 NU NU NU U
&=0.10 NU NU NU U
U U U U

<09 ory>1.1

Note: “NU” represents non-usable, and “U” represents usable.

5 Validation by FE analysis of industrial buildings

To further validate the proposed range of applicability of the real mode approximation
method, a refined FE model for a five-story industrial building was built and analyzed using
the program PMSAP. The detailed three-dimensional model represents a realistic five-story

prototype industrial building, including both the primary structure and various types of

equipment, as shown in Fig. 15.

Storage tank

Fig. 15 FE model of a five-story industrial building
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The primary structure adopts the braced-frame system. The beams and columns are modeled
using Timoshenko beam elements, and the braces in the elevations and in the floor levels are
modeled using truss elements. The beams and columns are rigidly jointed to each other, while the
trusses are connected to the surrounding frames using pin connections. The storage tank is
modeled using shell elements, and other equipment is modeled using beam elements and truss
elements. The PMSAP can assign different damping properties to different parts. The steel primary
structure is assigned a damping ratio of 0.03 for all modes of vibration, while the equipment is
assigned a damping ratio of 0.1.

For simplicity, only the responses in the x direction are presented, as the analysis in the y
direction yields similar results. The first three natural vibration periods of the prototype primary
structure in the x direction are 0.60 s, 0.33 s and 0.27 s. The first natural vibration periods of
various pieces of equipment in the x direction range from 0.08 to 0.15 s. The
equipment-to-structure frequency ratio calculated by Eq. (16) ranges from 4.0 to 7.5. The masses
of the primary structure and equipment are summarized in Table 5. The equipment-to-structure
mass ratio for the first vibration mode calculated using Eq. (15) is 0.70.

Table 5 Summary of the masses of the primary structure and equipment (ton)

Floor no. Primary structure mass Equipment mass
1** floor 116.55 137.94
2" floor 85.46 61.00
3" floor 87.29 176.00
4™ floor 24.57 0.00
5" floor 26.12 0.00
sum 339.99 374.94

To cover a relatively wide range of equipment-to-structure mass ratios and frequency ratios
for validating the proposed range of applicability, the following four cases are considered for
analysis. Note that for Case 2 through Case 4, the primary structure remains identical to the
prototype building, while the equipment and its stiffness and mass parameters are virtually
redesigned.

Case 1: the prototype model, yr=4.0~7.5, and yn=70%.

Case 2: only heavy equipment assigned on the second floor, yr=0.99, and yn=10%.

Case 3: only light equipment assigned on the first floor, yr =3.87, and yn=0.2%.

Case 4: only light equipment assigned on the first floor, yr =1.00, and yn=0.2%.

The seismic responses of the 5-story building in the x direction were calculated using both the
real mode approximation method and the complex mode method. In the analysis, the response
spectrum is identical to that used in section 3. Table 6 summarizes the errors of the responses
quantified by comparison of the results from the two methods. Case 4 is beyond the proposed
range of applicability of the real mode approximation method. The real mode approximation
method underestimates the structural seismic responses, including the inter-story drifts and story
shear forces, by more than 10%. Although Case 2 falls within the equipment-structure tuning
region (yr = 0.99), the equipment-to-structure mass ratio yr is greater than 7%, which thus satisfies
the range of applicability. The real mode approximation method provides an accurate response
estimate with an error of less than 4%. For Case 1 and Case 3, the equipment-to-structure
frequency ratio yr exceeds 1.1, and the real model approximation method provides a very accurate
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estimation. The analysis results of the FE models of the five-story industrial building validate the

proposed range of applicability for the real mode approximation method.

Table 6 Errors of the inter-story drifts and story shear forces estimated by the real mode approximation

method
Case 1 Case 2 Case 3 Case 4
Story no.
Err(A) Err(V) Err(A) Err(V) Err(A) Err(V) Err(A) Err(V)
Ist 0.0 0.0 0.0% 0.9% 0.00% 0.0% -9.8% -9.0%
2nd 0.0 0.0 -0.9% 1.2% 0.00% 0.0% -12.2% -10.7%
3rd 0.0 0.0 0.0% -3.2% 0.00% -0.4% -14.9% -13.1%
4th 0.0 0.0 2. 7% 0.82% 0.00% 0.0% -13.6% -11.0%
5th 0.0 -1.0% -1.4% 1.0% 0.00% 0.0% -10.8% -10.3%

Note: Err(A) represents the error of the inter-story drift, and Err(V) represents the error of the story shear force.

6 Conclusions

This study presents a comparison of two spectrum-based seismic response methods (i.e., the

real mode approximation method and the complex mode method) for the non-classically damped

industrial buildings. From extensive analysis using the lumped mass-and-shear spring models, the

range of applicability of the real mode approximation method is quantified, and it is further

validated by the FE analysis of a five-story industrial building. The major conclusions are

summarized as follows:

(1

@

3)

“4)

)

When the natural frequencies of the equipment and structure are well separated (yr> 1.1 or y¢
< 0.9), the real mode approximation method that neglects the non-zero off-diagonal damping
terms provides an accurate estimation of the seismic response of the coupled
structure-equipment system, with errors less than 10%.

In the equipment-structure tuning region (i.e., 0.9 < yr < 1.1), the real mode approximation
method may provide an inaccurate estimate of the seismic response, particularly when the
equipment-to-structure mass ratio is small. This is because in such a situation, the coupled
structure-equipment system has a pair of modes with closed spaced frequencies, and the
non-classical damping leads to significant damping interaction between these modes. The real
mode approximation method cannot accurately estimate the damping ratios and mode shapes
of these modes, and the errors of the modal properties further propagate to the seismic
response calculation.

For a single-story primary structure with equipment (where the damping ratios of the structure
and equipment are assumed to be 0.03 and 0.10 respectively), the range of applicability of the
real mode approximation method is (a) yr> 1.1 or y< 0.9 and (b) 0.9 <y < 1.1 and yn 2 0.07.
This range of applicability can be further extended to a multi-story primary structure if the
equipment-to-structure frequency ratio and mass ratio are calculated based on the fundamental
natural frequency and corresponding modal mass.

For the steel and RC industrial buildings with equipment with various damping ratios, the
range of applicability of the real mode approximation method is listed in Table 3 and Table 4
of this paper, which can be referenced in practical design.

The analysis of a refined FE model of a five-story industrial building validates the proposed
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range of applicability of the real mode approximation method for seismic response

calculation.
References

ASCE (American Society of Civil Engineers) (2014), Seismic analysis of safety-related nuclear
structures (ASCE/SEI 4-16), American Society of Civil Engineers: New York.

Bhaskar A (1995), “Estimates of errors in the frequency response of non-classically damped
systems,” Journal of Sound and Vibration, 184(1): 59-72.

Chopra AK (2007), Dynamics of Structures: Theory and Applications to Earthquake Engineering
(3rd Edition), Pearson Prentice Hall: Upper Saddle River, New Jersey.

CMC (China Ministry of Construction) (2016), Code for seismic design of buildings (GB
50011-2010), China Architecture & Building Press: Beijing. (in Chinese)

CMC (China Ministry of Construction) (2019), Code for seismic design of nuclear power plants
(GB 50267-2019), Standards Press of China: Beijing. (in Chinese)

CMC (China Ministry of Construction) (2012), Code for seismic design of petrochemical steel
facilities (GB50761-2012), China Planning Press: Beijing. (in Chinese)

CMC (China Ministry of Construction) (2012), Code for seismic design of special structures (GB
50191-2012), China Planning Press: Beijing. (in Chinese)

Clough RW and Penzien J (1993), Dynamics of Structures (2nd Edition), New York:
McGraw-Hill.

Falsone G and Muscolino G (2004), “New real-value modal combination rules for non-classically
damped structures,” Earthquake Engineering & Structural Dynamics, 33(12): 1187-1209.

Gupta A and Bose MK (2017), “Significance of non-classical damping in the seismic qualification
of equipment and piping,” Nuclear Engineering and Design, 317: 90-99.

Hwang JH and Ma F (1993), “On the approximate solution of nonclassical damped linear systems,”
Journal of Applied Mechanics, 60(3): 695-701.

LiJ, Chen H, Sun Z and Zhao X (2001), “Research on dynamic interaction in structure-equipment
system subjected to earthquake excitations,” Earthquake Engineering and Engineering Vibration,
17(2): 98-105.

Li Xiaodong and Chen Xi (2018), “Research on the simplified method of the equipment-structure
coupling effect,” Industrial Construction, 48(11): 40-45. (in Chinese)

Shahruz SM and Ma F (1988), “Approximate decoupling of the equations of motion of linear
underdamped systems,” ASME Journal of Applied Mechanics, 55(3): 716-720.

Shahruz SM (1990), “Approximate decoupling of the equations of motion of damped linear
systems,” Journal of Sound and Vibration, 136(1): 51-64.

Hasselman TK (1976), “Modal coupling in lightly damped structures,” A/AA4 Journal, 14(11):
1627-1628.

Tadinada SK and Gupta A (2011), “Consideration of uncertainties in seismic analysis of
non-classically damped coupled systems,” Nuclear engineering and design, 241(6): 2034-2044.
Veletsos AS and Ventura CE (1986), “Modal analysis of non-classically damped linear systems,”
Earthquake engineering & structural dynamics, 14(2): 217-243.

Warburton GB and Soni SR (1977), “Errors in response calculations for non-classically damped
structures,” Earthquake Engineering & Structural Dynamics, 5(4): 365-376.

Xu K and Igusa T (1988), “Dynamic characteristics of non-classically damped structures,”

23



541
542
543
544
545
546
547
548
549

Earthquake Engineering & Structural Dynamics, 20(12): 1127-1144.

Yang JN, Sarkani S and Long FX (1990), “A response spectrum approach for analysis of
non-classically damped structures,” Engineering Structures, 12(3):173-184.

Zhou XY, Yu RF and Dong D (2004), “Complex mode superposition algorithm for seismic
responses of non-classically damped linear MDOF system,” Journal of Earthquake Engineering,
8(4): 597-641.

Zhou Xiyuan and Yu Ruifang (2006), “CCQC method for seismic response of non-classically
damped linear system based on code response spectra,” Engineering Mechanics, 23(2): 9-17. (in
Chinese)

24



	Range of Applicability of Real Mode Superposition Approximation Method for Seismic Response Calculation of Non-Classically Damped Industrial Buildings
	1 Introduction
	2 Response spectrum-based methods for coupled structure-equipment systems
	2.1 Real mode approximation method
	2.2 Complex mode method
	3 Error analysis of the real mode approximation method
	3.1 Single-story structure with equipment
	3.1.1 Modal properties
	(1) Natural frequency
	(2) Damping ratio
	(3) Mode shape vectors

	3.1.2 Seismic response calculation
	(1) Effect of the equipment-to-structure frequency ratio γf and mass ratio γm
	(2) Error source analysis
	(3) Influence of damping ratio

	3.2 Multi-story structure with equipment
	(1) Effect of the equipment-to-structure frequency ratio γf
	(2) Effect of the equipment-to-structure mass ratio γm
	(3) Equipment on multiple floors

	4 Range of applicability of the real mode approximation method for industrial structures
	4.2 RC industrial buildings
	5 Validation by FE analysis of industrial buildings
	6 Conclusions

	References


